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ABSTRACT 


Title of Thesis: ''The Experimental Determination of the Bending and 
Torsional Stiffness of a Beam with Rotationally Constant Moment 
of Inertia with Varying Amounts of Perrnanent Twist.*’ 


Authors: Lieutenant (J.G.) John Woolston, U. S. Navy. 
Lieutenant (J.G.) Leon H. Leutz, U. S. Navy. 


Submitted for the degree of Naval Engineer in the Department of Naval 
Architecture and Marine -ngineering on May 18, 1951. 

The object of this thesis was to investigate the variation of bending 
and torsional stiffness of a beam with permanent twist. The mild steel 
beam was cruciform in cross section with webs 0.102'"' thick and a total 
depth of 1.503'' with .200'' fillet radii at the center. The beam length 
was 50 inches. The effects noted on this beam must modify calculations 
for other twisted beams such as propeller blades, pump rotors, turbine 
blades, etc. 

The torsional stiffness was calculated from the elastic angle of 
twist in the beam length under a constant torsional moment. The bending 
stiffness was calculated from bending deflections measured with the beam 
acted up on by constant bending moments. Bending stresses were in the 
elastic range. 

The torsional stiffness increased with permanent twist approxi- 
mately as the square of the helical angle of the outer beam fibers. The 
stiffness was doubled at a helical angle of 0.27 radians. This checked 
rather closely with the results of previous theoretical work. The overall 
results of the torsion tests conform to theory for cross sections 


approximating simple finned members. 
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In the bending tests the ratio of deflection to the theoretical 
deflection, based on simple beam theory, increased approximately as 
the cube of the helical angle to a value of helical angle of about 0.15 
radians. This indicates that the beam becomes less stiff as the helicai 
angle increases. At higher angles of twist the curve droops, reaching 
a maximum deflection ratio of 1.32 at a helical angle of 0.23 radians. 
The last experimental point showed a deflection ratio of 1.20 at a helical 
angle of 0.314. 

The results of the bending tests show quantitatively the effect 
of twist on bending stiffness of a member of a particular section. 
Because this effect is large and its cause unknown it is obvious that 
much more experimental and theoretical work must be done to establish 


theories for the many applications of twisted beams in practice. 
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Cambridge, Massachusetts 
18 May, 1951 


Professor J. S. Newell 

Secretary of the Faculty 
Massachusetts Institute of Technology 
Cambridge, Massachusetts 


Dear Sir: 


In accordance with the requirements for the Degree of Naval 
Engineer, we submit herewith a thesis entitled ‘‘The Experimental 
Determination of the Bending and Torsional Stiffness of a Beam with 
Rotationally Constant Moment of Inertia with varying amounts of 
Permanent Twist.*' 


Respectfully, 





The authors are deeply indebted to Professor J. P. Denk: 





of the Massachusetts Institute of Technology whose inspiration and 
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NOMeNCLATURL 


O er 1) WE 80d — “—— — 


L, = Length of beam from load to load or 50“. 

і," = Length of beam used in measurement of torsional stiffness in 
inches. 

« = Angle of permanent twist in the beam in degrees. 


Angle of eiastic twist of the beam under the action of torsicnal 
moment, T, where the moment was applied to the beam over a 
length L'; d in degrees. 


-6- 
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A X Yo 


SL3xL > radians. 


Helical angle of outer fiber of the beam = 


D 
e 
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= Radius of the outer fiber of the beam in inches or 0.751”. 


ef 
Ë 


о 

J = Torsional stiffness of the beam, T/e 

1/7, = Ratio of the torsional stiffness of the twisted beam to that of the 
straight beam. 

1 = Torsional moment, inch pounds. 

е = Angle of elastic twist per unit length as a result of the 
torsional moment; radians per unit length. 

A = Displacement of a point on the beam when loaded, measured 
from the unloaded position. 

5 = Lisplacement of a point on the loaded beam from the tangent 
at the center of the beam, corrected for lack of straightness 
in the unloaded beam. 

áo = Theoretical displacement from horizontal tangent at center of 


beam, based on simple beam theory. 


5/6 = Ratio of displacement of beam to theoretical displacement. 
5/5о = (EIT), / EL- ratio of original stiffness 
to stiffness at a given angle of permanent twist. 
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INTRODUCTION 


Conventional beam theory states that if the I product of a beam 
is constant, that is the stress-strain relationship is linear and the 
moment of inertia does not change, the beam will maintain the same 
bending stiffness, «I. Under these conditions the beam will always deflect 
the same amount under identical loadings. 

The question then arises as to what happens to the bending stiffness 
when the beam has a longitudinal twist. If the modulus of elasticity is 
constant and the section а a rotationally constant moment of inertia, 
that is the l is the same about all axis through the center of gravity of 
the beam section, will the beam theory break down for a twisted beam? 
In the case of helical pump impellers and also in airplane propellers 
with their inherent pitch this question of twisted beams arises. The 
pump impeller designer will want to know the impeller stiffness for 
strength and ior vibration characteristics. The propeller designer 
will pose the same questions concerning his design. 

As far as is known no experimental or theoretical work has 
been done on the above question of bending stiffness. However, it is 
the belief of somme engineers that the bending stiffness is not the same 
for a twisted beam as for a straight beam with the same 2.1. In one 
instance the designers of airplane propellers find it difficult to calculate 
the exact natural frequency of vibration of the blades and their results 
may be 15*5 in error from the actual value. This error rnay be due to 
using an incorrect value of the bending stiffness of the blade because 
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they do not account for the twist. 

The experimental determination of the variation of bending stiff- 
ness vs. angle of permanent twist is then begun without knowing the nature 
of the possible results or if there are any variations whatever. It is 
known, however, that in applying the angle of permanent twist to the 
beam that the outer fibers will be yielded in tension and the inner fibers 
will be yielded in cornpression. fiowever, during the bending tests, since 
the beam is free to change its length longitudinally, the state of longitudinal 
stress will be well below the yield stress after the twisting moment is 
removed even though the beam has been yielded. The stress pattern of 
the beam will be quite complicated because of the bending stresses being 
superimposed upon the stresses that have been set up during the dette. 
tion of the permanent twist. It is felt that the latter stresses will have 
little effect upon the stiffness of the beam as long as the total stress is 
kept below the proportional limit. If there is à change in bending stiff- 
ness with changing angles of permanent twist it is most likely due to 
the interaction of the stresses caused by the geometry of the beam. 

The other major topic to be examined here is the variation of 
the tersional stiffness of a beam as the angie of permanent twist is varied. 
This subject has been theoretically and experimentally studied and a 
bases for a comparison of results is at hand. Let it suffice to say that 
the torsional stiffness will increase with the angle of permanent twist 
and that for a rectangular beam this increase is primarily a function of the 
square of the height to thickness ratio of the beam cross section. 
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FIGURE I 
THE ARRANGEMENT OF THE BEAM DURING BENDING TESTS 








FIGURE II 
CLOSE-UP OF THE BEAM AT [3.314 








PROCEDURE 


The beam shown in Figure IV was designed with a rotationally con- 
stant moment of inertia in order that the conditions of the thesis could be 
met. The beam dimensions were chosen on the basis of predictable results 
to be obtained from the laboratory technique employed. The bending stiff- 
ness of the beam was to be obtained from the deflection of the beam loaded 
as shown in Figure III. This laoding produces a constant bending moment 
on the beam between the supports. These deflections, to be measured 
with an inside micrometer (see Figure I), were to have an approximate 
maximum value of .100'' at the center of the beam while keeping the stress 
in the beam well below the yield stress of the material, mild steel, or 
about 15,000 psi. The .100°* maximum deflection figure was chosen 
since it was felt that an error of .001'' would have to be accepted in the 
deflection measurements. This then would limit the error to 1% at the 
maximum deflection point. Furthermore, the loads to be used on the 
beam would have to be of a size that could be readily applied in the 
laboratory. 

In order to obtain the variation of bending stiffness with the 
angle of permanent twist the beam was to be given additional twist 
prior to each run. Since there were no mechanical means of applying 
this twist available it would have to be applied manually. This condition 
further dictated the beam dimensions but it was found by using the 
membrane analogy that this condition of manual twisting of the beam did 
not necessitate a change in the beam dimensions derived from the above 


6 





“wwe yledoiatot « dtiw progirsb saw VI ns al noaze maod sÁ T 
ad bivos aizadd edt  2acWihaos elt jadi web se ai elivent bo sm aooo зада 
завет eidstsiberg Yo sid sw wo geared» 619% enelaa@eruh mes SAY Saa 
-Hie anias за ТО „Мечо пор и той) 241! сета saviodo ed at 
bebeci maed sit lo aoiissilsb ed) eo) dezisiio 3) oJ asw mand aki іо arsi 
mario pribasa јпаѓггпоз є ana Bong pritadj MAT 1 eww zi woda as 
bh*iossem sd ci ‚amoliariinh өөмЇЇ anton ods cowwted macd edt no 
s)amixoirewqs ad syad o mrw (0 oupi t ажа) обат оин eben) se diiw 
Bsta 90) рпутей ум sed anl р чыж adi jè 001. 0 жида арт вата 
то jesis bile арени В їо stevie Misty ай тла ос Пач creed wat al 
miendo asw veg пове cues "601. aT. дас 000,21 беа 
wil! пі Ъеђэода 0 сі етай Ье ''100. 10 vorre nè sad Het asw 2) swis 
walê is FÎ ој worre pú) Зл biwew ced! eT .adnarese1obhan Solos Sb 
eds wi beiloqe çilbesx së bluos sAn? ssia s lo ed o! «ved Kiew rmasd 

edi diis въ ъв ри тво lo aoltatisy 9d? nize et 14>%0 al 
talwi асова теті û o? eam mined of? Нат? дева те do sigas 
(uiis le алынзс базыб on stew axed) eal nı A589 or Tai 
бюз шт» > BAT абе? УИ 
Mi prisa yd basul saw i jrd aboleftienio mand eid! berermib vediurl 
Sb mens ar Jo gnilarw! Lacaaee Yo atikibeno eii) Tad) vyelede snsrdrnerm 
wwors mt wel beviieb enucienemib misi ed) m) spaa & qeliwas2am Jon 

e 





bending criteria. The final beam design is shown in Figure IV. 

The beam and its fittings were manufactured at the Boston Naval 
Shipyard. It was planed from solid stock, heat treated and planed to its 
final dirnensions. Because of the length of the beam and the play in the 
planer head it was found that the design tolerances could not be met. 
The beam micrometer readings are shown in Figure V. From these 
readings a mean value of flange thickness was taken as .1020°° and 
mean beam depth of 1.5030". The moment of inertia of the section was 
calculated from these mean values and found to be .02925 in.*. The 
support rings, load rings and deflection rings were hand filed and fitted 
to the beam snuggly with a hand fit. The bed plate was surface ground 
to a srnooth finish. 

The procedure used in the deflection tests is shown in Figure I 
where the supports are set up on parallels so that an inside micrometer 
might be used to measure the deflections. In the no load condition only 
the load rings (pulleys) were in place and deflections were read at each 
deflection ring between the supports. To apply the loads the weight 
supports (shown) were hung over the load rings and equal load weights, 
calibrated to .0l#, were placed on the supports. «ach separate weight 
(note two weights on table in Figure I) was 11.03 + .01# and the weight 
supports weighed 1.3959 at each end of the beam. The weight supports 
were designed so that no torsional moment would be applied to the beam 
when the load was applied. For each load condition 4 weights were 
placed on the beam, two at each end. The deflection rings were placed 
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to give a spread of readings. Deflection ring 3 was placed 3°° from the 
support, or two beam diameters distance so that the effect of the 
support would not be felt. This is in accordance with Saint Venant’s 
principle. 

The beam stiffness in bending was checked in two rotational 
positions. The initial position of the beam was with flange 3 vertically 
up at the mid-span of the beam. No load and loaded beam deflections 
were taken with the beam in this position. “hen the beam was unloaded 


4 
it was rolled through 45° with flanges 3 and 4 thus: >, when 
2 


looking at the beam from the left end in Figure ШІ. At Run 15, when 
the largest value of fowas reached, the beam deflection was read with 
flange 3 at mid-span rotated tħrough 360° with readings taken at each 45° 
interval. This beam rotation was accomplished to ascertain if the stiff- 
ness varied with the beam position on the supports. It seemed likely 
that if the beam stiffness varied with the angle of permanent twist that 
it might also vary with the position of the beam on the supports. 

Strain gages, as shown in Figure VI, were placed on the beam 
to give possible aid in the analysis of results. These gages were all 
placed to indicate longitudinal strain near the outer fibers of the flanges 
in order that a longitudinal stress distribution might be had with the 
beam in a twisted condition, These gages were read only curing the 
bending tests. 

The beam was received in the straight condition from the Boston 


Naval Shipyard. The initial, straight beam deflection tests were made 
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and checked against the calculated values found by using standard beam 
theory. In order to determine the modulus of elastity of the material a 
tensile test specimen was made by the shipyard and given the same heat 
treatment as the beam. <A stress-strain curve was made from a tensile 
test and the modulus of elasticity was found to be 29.7 x 109 psi. The 
material had a proportional limit of 24,500 psi and an ultimate stress 

of 56,900 psi. 

The torsional stiffness was found with the beam in the straight 
condition. This was done by hoiding the beam fixed at one end and 
applying a twisting moment at the other end. A twisting moment of 
124.3 in. lbs. was used and the shear stresses set up in the beam were 
well within the elastic region of the beam material. The beam was 
held at one end by fastening a die stock to the load ring and holding the 
arms of the stock firmly to a stationary support. On the other end the 
load ring had been drilled and tapped (note holes in support ring at far 
end in Figure I) symetrically so that an arm could be fitted to it. This 
arm was grooved 10'' from the center of the beam thus giving the arm 
of the moment. Frorn this groove the load supports were hung along 
with one lead weight, or a total of 12,438, With this load applied the 
arm was made to be horizontal by setting the position of the die stock 
at the other end. Therefore, the full moment acted on the beam. The 
load was then removed and the angle through which the beam untwisted 
with the other end fixed was measured by using a protractor. This 
made possible the calculation of the torsional stiffness. This test was 
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also run with the beam on the bed plate. 

The next phase was to apply a permanent twist to the beam. This 
was done by fastening the die stock to the load ring on one end of the beam 
and using the arm on the other end. The bearn was placed freely on the 
bed plate and manually given a permanent twist. The beam was maintained 
straight by the bed plate in vertical plane but could possibly bend some- 
whet in the horizontal plane. But by carefully applying this torsional 
moment the bending cf the beam couid be minimized and it was found to 
be very small. Figure VIL shows the amounts of permanent twist put 
into the beam with each run. 

With permanent twist in the beam the deflection and torsional 
tests were again made in the same manner as described above. The 
amount of permanent twist applied to the beam was to be small at the off 
“set so that the initial trend of the stiffness curves could be accurately 
determined. After this trend had been found the angie of permanent 
twist between runs was increased as shown in Figure VIII. Fermaneni 
twist was applied to the beam up to the point where it became too stiff 
to twist manually. li was also necessary to check to see if the beam 
flanges warped from the twisting since If they did the moment of inertia 
of the section would be reduced. This was done by checking to see If 
the flanges were still at right angles and also by the tightness of the 


deflection rings on the beam. 


19 


айй aaa eW) od vakq онну (UIE af cem отед Sno T - 

mead Wl le рй» ew WO Bor: Meo. Wem cy dcm cub oon pacas y an sew 

Lanois! eil: palglyee yllvlanan yo S a Lern ran һб е) баб 

af baw xa ti bas A + bipco |. is arme <£ nare 

son delas ies Te air = Dady HIV o ilaa yuris эф 

— — J - کس‎ daps Dj» gess wir vinl 
lou] ater pute mall باه‎ sam adi a w hga 47) 8 

«1 тай! Ve tose зе: ВВ тыд! 9) esnla yricw)w! Sal GaN beq xw segs 

М не со gilead yd auod aww SAT o de lvoe aitosa «ario 

o а ceca AÛ 16 melo Das estos tágis 0а Ше етет ваш ott 

— ct MAL ar ap vido eh 








— — — 
, 
в + дА . 


! i 
A v 
1 4 

| 

| 

; 

t 

i 

t 


- 
- = 
— 


| ! ' > E 
' 


l 
i 
t 
4. 
} 
i 
} 
4 


— س > چ — 
t '‏ 
+ 


tn a Е : | zu — “атсы ые ых ee a ee Te — 7а a Ше 1- —- or ee ey se Ae V d ad 1 nce еә с - — 


SISA ЕЕ Ni | Е р. | | 
uc "E N3 из Омун pe Wv38 EM NOT MG ce 4 | we 
| = | | FR ETE Msn а 


j 
[^77 98 š — 4 + — „ . - - m= - - + —— = Leo + = : E ще A — "=s s фе < le 
4 
' 


IO ` 


à 
tra — — — — 
` + 


..- ~ др eee 


= = ee — — — — — — —  - — — — کی مہ س‎ — k س‎ = + = -  — — = - — 2— — ö— — — — — — — — — — — — — —— — — — —— —— с 


=> O — — —— — — — — — — — ne ne ee ee р — — rr ccce nire ыза ныкы чы: — n —— 


- + Ф 





- qm moon = 


11 





SRL 


я — — — 


~ 








за BAO واد‎ 
$03  Q3MHSIN14 


ps + - - ——— —— — —— — — — 


Q3$53 44 мың "25007 
3Q1SN] . J.LON 113 омин 


^S9NIL1!3 ONV ` WV38 
30 SNOISN3WIG NSIS 30 


= =I 


AI 380914 


a 


а 


дом р 


~ 


| A 9»3^9 


акч өч рл RON 






ымз®мьу Y 


N MWAOOWG 


9103 oov navy 





12 





FIGURE V 


MICROMETER READINGS OF BEAM 
DIMENSIONS. 


FLANGE THICKNESS BEAM DEPTH 
STATION | FL.#1 Fl,#2 - F1.#3 F1.#4 Fls.1-3 Fls.2-4 


0 .1017  .1023 1.5002 
.1008 .1015 1,5017 
„1010 .1016 1,5021 
.1018  .1028 1,5030 
.1024 .1033 1.5028 
PONO 2001033 1.5037 
‚1016  .1030 1.5040 
.1019 .1040 1,5040 
„1016  .1038 1,5036 
„1002 „1015 1.5036 
‚109; .105 1.5030 


1 
2 
3 
4 
5 
6 
? 
8 
2 


p 
O 





Stations are spaced each 5 inches along length of the 
beam, Station O is at left end of the beam as seen in 
Figure III, | 

All measurements are in inches. 

Flange thicknesses were measured at the outer edges 


of the flange, 


TE 
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FIGURE VI 


STRAIN GAGE DATA 
& LOCATION 


FLANGE #3 
B A 


A B 
срама = PL. #4 


A 
N Typical Strain 


А | | В Gage Location, 
EE 


BEAM CROSS SECTION LOOKING 





AT BEAN IN FIGURE III FROM 
THS LEFT END 
STRAIN GAGs LOCATIONS 

The strain gares are designated as to location by the 
flange number, the flange face letter (A or B) and by their 
distance in inches from the left ənd of the beam as shown in 
Fig. III. Than gage 3A 16 would bə on flange 3, on the A 
face and 16 inches from the left end, All gares were 
oriented to give longitudinal strain and the center of the 
mage resistance wires were 0.1" in from the outer edge of the 


flange. 
STRAIN GAGE DATA 
Type: А-7 
Res. in Ohms: 120 
Gage Factor: 1.96 
Lot Number: 501 
Manufacturer: Baldwin Loco, Joris. 


o) HZ 
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RESULT S 


The results of the torsion tests are shown in figures VH and VIII. 
it will be seen that the torsional stiffness increases with increased helical 
angle in approximately a parabolic manner and that the atiffness ratio J/Js 
reaches 2.00 ata Po of .27, 

The results of the bending tests are shown in figures IX and X, 
It will be seen that the displacement ratio S/S, which is the reciprocal 
of the stifíness ratio (E1) / (2.1), inereases with heilcal angle exponentially 
to af of about .15. The exponent in this case is evidentially slightly less 
than 5, Above fo = .15 the rate of increased 5/5, decreases until a maxt- 
mum value of 5/5 = 1.32 at Po = .23 is reached. The trend of the results 
continues with this drooping characteristic to the last experimental point 


of §/5q = 1.2 at Po = .314. 
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FIGURE X 


TABLE OF DISPLACEMENTS OF POINT 3 & SUPPORT 
FROM POINT 23 CENTER OF BEAM, 


Symbols as shown in Figure Х| 


X indicates beam rotated 459, 


Ss RUN 
DA EE a P 






14,1 |` ,021 a -- eee ere 
Theory АЗ 2040 |.059 | ШЗ О Мру: 
Тал |.021 |.030 1.00 14,1 .022 032 1.05 


9 

14;2 — 18:2 1.043 [1062 1.07 
1А„1 1,021 1.0 iu 0311,09 1.00 Ss ata — 4 - 1,10. 
Ld 2 1.040 | V ыо „ес 1,12 [ees 
14,1.,021.,030- 030 1.00. 0.97. 9 RUN 10 мы toes tose TS 
La, 2,041 |.060 1.02 1,02) 1.21 Iia.» loro 1072 1,25 1298 | 
7 RUN 11 1a. 31907 Loic 1-29 za 
«040 |;060 [1,00 [1,02 || 1.29 а 5 222,276 1,30 1.29. 
922 033 1.05 11,00. 1:29 | 
.2 1,041 [,059 11,02 1,00 
Id,1 1.022 |.031 1,05 1,00! 

X 12.2 1010.05 4.00. 


АД „2812-го 1099-02 108. 
2.01 









х Па. 042 |.059 1.05 1.00 


X 
RUN 5 .041 1.059 1..02 1.00] RUN 15 а a ee 
1.02 Б 





Га 1 [022 1.031 1.05 100" 1.20 Х 1a.11.025 1.037 1.19 1.19 
Х 14.2 1.042 1,060 1,05 1,02 x 112.2 1.047 |,071 1.18 1.20 


6 [3.1 1,022 |,032 1,05 2,03 IR er 
pos La,2 1043 061 1.07 1.03. 
1.03 < 







16 909 








17 135? ТА :1 1.02 .037 1,19 1,19 
La 1 Lo21 031 1,00 1.00 |R 18 180% 


RUN? [14:2 1.043 1.061 1,07 1.03 | 21 3159 Па,1 |.025 |.037 1.19 1.191 
' 1.03 х fiat 021.031 1.02 1-00 —Ó 
Х 14.2 |.041 ].060 1.02 8.02 ECT IMD 


LHA 
4-17-51 
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DISCUSSION OF RESULTS 


The results oí torsional experimentation are compared in Figure 
VII with the theoretical results of Chu in reference 1, which are based 


on the following equation: * 


J/ds = 1 + 205 C+ B) Pole)” ] (1) 


H 


Where poisson’s ratio, assumed ‚2 


H 


M 

С = chord = 1.503% 

k = thickness x .102" 
J 


torsional stiffness 


в 


i from membrane analogy, in this‏ © = = يل 
case corrected for fillets.‏ 

It is readily observable that the results are compatable within 
limits set by the experimental limitations of the set up used in this 
thesis. Due to the lack of precision in measuring angles on the guage 
tings the angles were measured from end to end of the entire beam. 
Consequently there is an indeterminent error due to the constraint of 
the support rings which may be noted in figures I and II. In order to 
bring the results more closely in line, rather complex changes would 
have to be made in the theory to account for fillets. 

The results of the bending tests are; to the best of the author's 
knowledge, the first ever to be obtained, therefore there are no other 
+ Ref. 1, pg. 150. 
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results or equations available for comparison. At small angles of 
twist below Po = „15 the trend of 5/5, is exponential at a rate slightly 
less than the cube of Bo. Above this point the curve droops, reaches a 
maximum of $/$,2 |.32 at go - .23 and continues to the last experi- 
mental point of §/55 = 1.2 at fo a .3i4, Calculations were made as 
shown in Appendix C, Point ! was not used because the slight variation 
in beam dimensions accentuated the error for 8, to an inacceptable 
degree. The errors inherent in the system and due to the supports, as 
mentioned under the torsional resuita; and due to lack of straightness 
and the consequent error if there is a slight rotation of the beam in 
different load conditions. ít is believed that the entire beam was 
elastic and that the E. was nearly constant during these runs, as final 
no~ load readings checked original no- load readings for every bending 
test. 

it was noted that the beam did not warp from the application of 
the permanent twist nor did the deflection rings loosen appreciably. 

Despite the limited scope of these results, they show a definite 
loss in bending stiffness in twisted members. They are the first quan- 
titative results to be obtained to this problem and thus are important 
in themselves, and as proof that further research will be rewarding. 

Strain gage readings have been included in the data section of 
the Appendix, however, no attempt has been made to analyse them, 
They do, however, indicate that no permanent set took place in the 
beam during the bending tesis. This is readily seen by obtaining the 
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strain a 3A 25 for each run, for it is noted that for each run this strain 
arly constant at 220 micro inches per inch with Ld. 2 or beam 
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CONCLUSIONS AND RECOMM:NDATIONS 


It is concluded that the torsional resuits check those of Chu in 
reference l, and that his equations may be used with confidence for 
cross sections that do not vary a great deal from simple finned forms. 

The bending results show a definite loss of bending stiffness 
in twisted members and may be taken as the first results in a series 
of tests to establish workable theories for the many applications of 
twisted beams. 

It is recommended that future tests be modified to maintain 
straightness and that the bear be annealed in each twisted position 


to assure constant E. 
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APFENDIA A 


Application of the Membrane Analogy. 


With the beam in the initial straight condition it would be well to 
calculate the torsional stiffness of the beam by using the membrane 
analogy. This analogy establishes certain relations between the deflection 
surface of a uniformly loaded membrane and the distribution of stress in 
a twisted bar. The portion of the analogy to be used here states that 
twice the volume included between the surface of the deflected membrane 
and the plane of its outline is equal to the torque of the twisted bar. 

The probelm of finding the volume under the membrane that would 
ile over the cross section of our beam is complicated by the fillets. 

This cross section is shown in Figure XII. It is assumed that the 
membrane takes a parabolic shape. Therefore, the area A is 

A = b3GS/6 (2) 
where b = width of cross section 

G = modulus of shear (11,500,000 psi) 

8 = angle of twist in radians per inch 
The problem was rescived into finding the three volumes i, é and 3, 
and because of the symmetry of these volumes the total volume could 
be found. Region i was readily solved since b is directly known, as is 
the length of this straight section. In region 2 the values of b), bp, b3 
and b, were found by using trigonometry and thus thelr parabolic areas 
were found. The volume of this region was then found by using Simpson's 
rule utilizing five equally spaced stations. The volume in region 5 was 


found in the same manner. However, in region 3 stations b3, b3 and ba 
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do not extend to the edge of the section and the areas at these stations 
are made up of a rectangle beneath a parabola. The parabolic area is 
found by using Equation (2). The length of the base of the rectangle is 
known since it is the same as the base length of the parabola. The 
height of the rectangle is obtained from the height of the parabola at 
the appropriate points on station b,. Therefore, this height would be 
the mid-point height for station b% and the quarter point height for 
stations b, and b5. The quarter point heights of b? will be three- 
quarters the mid-height because cf parabolic shape of the section, 
Since the torque of the bar is equal to twice the volume beneath 
the membrane, the torque interms of © follow directly. The calculated 
results give ë = „00379 radians/inch. From Figure VIII it is seen that 
for the straight beam the experirnental results are 11° twist in a length 
of 45,1”. The value of the experimental twist was than .00426 radians/ 
inch, or 11% greater than the caiculated value. This difference in 
resuits can be accounted for by the membrane not having the exact 
parabolic shape that was assumed and by a possible error of 3% in 
measuring the angle of clastic twist. With these probable errors in 
mind the experimental and calculated angles of elastic twist are соп- 


sidered to be in good agreement. 
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A copy of all original data appears in Figures VIII, AIII and XIV. 
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APPENDIX C 
SAMPLE CALCULATION 
The following calculations were made for Run 10: 


X = 567° kago“ („= QUE" ф = 8.25% 


Ë = 2 Ко ~ 567 A -7S1 
5)3xL 57.3x 50 





= 0-1488 rad. 





Torsion Calculations: 
- & 7S 
57.3150 


e = 








$27.3XL' = 0.006305 vad/ın. 


J/ = 0042% _ .600426 _ 1.395 
Je E 7 — 
> .00305 


Bending Calculations: 


И‏ کے 
NL. 1.761 1.782 u --- ---‏ 
Ld, } 1.798 1.764 .037 012 025‏ 
050 . 022 072. 1.774 1.833 1.4.2 
NL, 1,761 1,752 ~~~ --- -‏ 


A at lid. 1 = reading ai Ld. | ^ reading аі МІ. 


53 = А-А, 
б<, = Ax 
83/50 55/850 
ВД. ) — = 1.19 032/67) =)./9 
Ld. 2- ч oS 40 = |.) Š :072/ 659 2422 
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